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Abstract. We consider the universe as a huge νR-sphere formed with degenerate
relic neutrinos and suggest that its constant energy density play a role of an effective
cosmological constant. We construct the sphere as a bubble of true vacuum in a field
theory model with a spontaneously broken U(1) global symmetry, and we interpret
the sphere-forming time as the transition time for recent acceleration of the universe.
The coincidence problem may be regarded as naturally resolved in this model, because
the relic neutrinos can make the νR-sphere at the recent past time during the matter-
dominated era.
PACS numbers: 98.80.-k, 95.36.+x, 14.60.St
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1. Introduction
The inflationary big bang cosmology has been developed into a precision science by
recent cosmological observations including supernova data [1] and measurements of
cosmic microwave background radiation [2]. From those it is suggested that our universe
is made up of about 74 percent dark energy as well as about 4 percent ordinary matter
and about 22 percent dark matter. The observations triggered an explosion of recent
interests in the origin of dark energy [3]. There are several approaches to understanding
the dark energy such as quintessence [4] and phantom [5].
One of the simple ways to explain it is through an introduction of the cosmological
constant Λ, which leads to an exponential expansion of the scale factor of the universe via
a(t) ∼ e
√
Λ/3 t. Even though this simple form adequately describes current acceleration
with a small value of Λ, it cannot say anything about important issues including the
coincidence problem [6]. Why in the recent past the expansion of the universe started
to accelerate? In this article, we suggest relic neutrinos, which are the lightest among
all known fermionic particles and thus have become non-relativistic in the last cosmic
time, might be related with this issue. We study a possible role of degeneracy pressure
of the neutrinos in the evolution of the universe after neutrino decoupling td.
When we consider a sphere of radius R(t) containing all relic neutrinos (of total
number N(t) = M(t)/mν) at a cosmic time t (≪ td), the balance between degeneracy
energy of the non-relativistic neutrinos, h¯2M5/3/(m8/3ν R
2), and their gravitational
energy, GM2/R, gives us such relation of the radius as R(t) = h¯2/(Gm8/3ν M
1/3(t)).
On the other hand, the balance between degeneracy energy of relativistic neutrinos,
h¯cM4/3/(m4/3ν R), and the gravitational energy yields the maximum total mass [7]
Mc = (
h¯c
G
)
3
2m−2ν . From these the radius of the sphere is bounded below,
R > Rc ( ≃ h¯
2
c2m2νlp
) ∼ 1023 × ( 1eV
mνc2
)2 cm (1)
with Planck length lp.
The matter-dominated era of our universe began at tm = 70 Kyr and ended at
the transition time tt = 5 Gyr [8], at which the universe started to accelerate. In the
era tm < t < tt, we can neglect the pressure of the other matter than the degeneracy
pressure of relic neutrinos caused by the Heisenberg uncertainty principle. If we assume
that at a cosmic time t = tχ a huge bubble of relic neutrinos (which we call a νR-sphere)
is formed with a radius Rχ determined from the condition Rχ(tχ) = Rc as a gigantic
Fermion star [9], then the universe’s main-frame in the time can be imagined as made
up of these relic neutrinos filled up to the Fermi energy. Comparing the horizon radius
of the present universe Rnow ∼ 1029cm (or Rm ∼ 1027cm at t = tm) with the critical
value Rc(≃ Rχ) in equation (1), we see that these values are not different from each
other if we take mν ∼ 1− 10−3 eV .
From the time t ≃ tχ, the universe has a total energy density contributed mainly
from the νR-sphere with a (effective) cosmological constant ρν (≃ Mc/R3c) in addition
to cold dark matter ρCDM(∝ R−3), and thus the time tχ can be interpreted as the
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transition time tt. We think that the coincidence problem might be naturally resolved
because neutrinos become relic in this matter-dominated era and can make the νR-sphere
at the recent past time tχ (< tnow). In Section 2 we demonstrate a realization of this
idea in a global U(1) symmetric field theory model with a complex scalar field and relic
neutrinos in curved spacetime. Section 3 contains summary and discussions.
2. A Global U(1) Model
2.1. General Relativistic Formulation
The action of a global U(1) symmetric model of complex scalar Φ and neutrino fields Ψ
minimally coupled to gravity is given by Sm =
∫
d4x
√−g Lmatter , where
Lmatter = − gµν∂µΦ†∂νΦ− V (Φ†Φ) (2)
+
i
2
(Ψγa∇aΨ−∇aΨγaΨ)−m0ΨΨ− qΦ†ΦΨΨ
with a bare mass of neutrino m0. The last term describes the scalar-neutrino interaction
preserving the U(1) symmetry with a parameter q of dimension, for example, 1/Mp
(Planck mass Mp) in gravity-induced U(1) breaking models [10, 11].
From the above action, we obtain following equations for scalar field and neutrino.
1√−g∂µ(
√−ggµν∂νΦ)− ∂V
∂Φ†
− qΦΨΨ = 0 , (3)
iγa∇aΨ−m0Ψ− qΦ†ΦΨ = 0 , (4)
where the γa-matrices satisfy the Clifford algebra in a locally flat inertial coordinate,
{γa, γb} = −2 ηab with ηab = Diag(−1, 1, 1, 1), and the covariant derivative
∇a = eµa(∂µ + Γµ) (5)
is constructed from the vierbein eµa and spin connection Γµ [12]. The energy-momentum
tensor in this model
Tµν = 2∂µΦ
†∂νΦ− gµν [∂βΦ†∂βΦ+ V (|Φ|2)]
− i
4
[(Ψγµ∇νψ −∇νΨγµΨ) + (µ↔ ν)] (6)
is obtained by using the standard definition Tµν ≡ − 2√−g δSmδgµν = − eaµdet{e} δSmδeν
a
. In next
subsection we construct a concrete model with a specific potential of the scalar field.
2.2. A Bubble Universe with U(1) Symmetry Spontaneously Broken
Assuming a potential of the scalar field
V (|Φ|2) = λ|Φ|2(|Φ|2 − v2)2 (7)
with dimensionful constants λ and v, we consider a spherical bubble of true vacuum
〈Φ〉 = v with a spontaneously broken U(1) global symmetry, immersed in the different
(false) vacuum state 〈Φ〉 = 0 having the U(1) symmetry. To construct a field theoretical
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model in which the ideas discussed in the (previous) Section 1 can be simply realized, we
adopt the Thomas-Fermi(TF) approximation [9, 13, 14] inside the bubble including all
relic neutrinos of the total number N =
∫
d3x
√−gΨ†Ψet0 with et0 = 1δα . The neutrinos
have the effective mass, meff = qv
2 with 〈Φ〉 = v, and we put m0 = 0 from now on
for the simplicity. In the TF approximation there is at each point in space a Fermi sea
of massive neutrinos with the local Fermi momentum qF (r), and the number density of
neutrinos is given by
〈Ψ†Ψ〉TF =
2
(2pi)3
∫
d3q nq =
qF
3(r)
3pi2
(8)
with the Fermi distribution nq = θ(qF − q). From Eq. (8) and Dirac’s equation,
i∂tΨ = EΨ, we have the energy density of neutrinos
〈 i
2δα
(Ψγ0∂tΨ− ∂tΨγ0Ψ)〉TF =
2
(2pi)3
∫
d3q nq E(q) e
t
0 ≡ ρ(r). (9)
The pressure p(r) of neutrinos is given in equation (13) below.
When we express the spherically symmetric (static) spacetime as
ds2 = −δ2(r)α2(r)dt2 + dr
2
α2(r)
+ r2dθ2 + r2sin2θ dφ2, (10)
the (background) scalar field equation (3) reads
1
r2δ
(r2δα2Φ′)
′ − λΦ(|Φ|2 − v2)(3|Φ|2 − v2)− qΦ〈ΨΨ〉TF = 0, (11)
and the Einstein equation, Gµν = κTµν with κ = 8piG, in this TF approximation, yields
(1− α2)
r2
− 1
r
(α2)′ = κ[α2|Φ′|2 + V + i
2δα
〈Ψγ0∂tΨ− ∂tΨγ0Ψ〉TF ],
− (1− α
2)
r2
+
(δ2α2)′
rδ2
= κ[α2|Φ′|2 − V − iα
2
〈Ψγ1∂rΨ− ∂rΨγ1Ψ〉TF ],
1
2δ2
(δ2α2)′′ − (δ
2α2)′
4δ2
(δ2)′
δ2
+
(δ2α2)′
rδ2
− α
2
2r
(δ2)′
δ2
= κ[−α2|Φ′|2 − V − i
2r
〈Ψγ2∂θΨ− ∂θΨγ2Ψ〉TF ],
1
2δ2
(δ2α2)′′ − (δ
2α2)′
4δ2
(δ2)′
δ2
+
(δ2α2)′
rδ2
− α
2
2r
(δ2)′
δ2
= κ[−α2|Φ′|2 − V − i
2r
〈 1
sinθ
(Ψγ3∂φΨ− ∂φΨγ3Ψ)〉TF ], (12)
where Φ′ ≡ ∂Φ
∂r
, ... , have been used for the simplicity. The results in above equation
(12) are consistent with those in the case of fermion stars [9], when
〈 α
2i
(Ψγ1∂rΨ− ∂rΨγ1Ψ)〉TF = 〈
1
2ir
(Ψγ2∂θΨ− ∂θΨγ2Ψ)〉TF
= 〈 1
2ir sinθ
(Ψγ3∂φΨ− ∂φΨγ3Ψ)〉TF = p(r), (13)
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are assumed in the spherically symmetric spacetime, and from Dirac’s equation and its
Hermitian conjugate we have the relation ρ(r)− 3 p(r) = qv2〈ΨΨ〉TF .
Now assume that there exist regular solutions of the metric components, scalar field,
and the energy density and pressure of neutrinos, and we get approximate solutions to
above equations (11)-(12) as
Φ(r) = v +
ρ0 − 3p0
6
r2 +O(r3) ,
α2 = 1− κ
3
ρ0r
2 +O(r3), (14)
δ2α2 = {1 + κ(1
6
ρ0 +
1
2
p0)r
2}+O(r3),
with ρ0 ≡ ρ(0) and p0 ≡ p(0). These solutions are consistent with the results in fermionic
stars with a global monopole [14]. On the other hand, to equation (12) with V ≃ 0, ρ ≃ 0
and p ≃ 0 far away from the horizon of the true vacuum bubble rh ≡
√
1/κρ0 ≪ r,
solutions of the metric components in equation (10) can be taken asymptotically as
α2 ≃ 1− 2κM
r
and δ2 ≃ 1 with the total mass of all particles inside the bubble universe
M . With the metric components we have the asymptotic solution Φ ≃ r−2e−
√
λv2r.
Under the condition
√
λv2κM = 1, (15)
the solution for Φ satisfies all the relevant equations even upto next leading order.
From the effective neutrino mass meff = qv
2 inside the bubble, we can estimate
the true vacuum expectation value as v2 ∼ meffMp, which gives us λ ≃ M4p/(v4M2) ∼
10−120/m2eff when equation (15) is used. On the other hand, if the potential V (|Φ|2)
of the scalar field is induced by gravity [10, 11] with the dimensionful constant
λ ≃ vn−2/Mnp for 0 ≤ n, then its magnitude comparable with the above is given
as λ ∼ 10−112 × m2eff/(1 eV )4 for n = 6, which is the same as 10−120/m2eff if
meff ∼ 10−2 eV .
3. Summary and Discussions
Considering a huge νR-sphere to be possibly formed at t = tχ, with degenerate relic
neutrinos filled up to the Fermi energy, we suggest that its constant energy density ρν
play a role of an effective cosmological constant. The time tχ can be interpreted as the
transition time tt, and these lead to the interesting possibility that our model gives one
way of understanding the coincidence problem [6], because the relic neutrinos can make
the νR-sphere at the recent past time tχ (< tnow) during the matter-dominated era.
In the Section 2 we have constructed a spontaneously broken U(1) global symmetric
model, in which the energy density Ttt ≡ ρ (∼ ρ0) in the right hand side of the first
equation of (12) can be put as ρν ∼Mc/R3c of the νR-sphere considered from Section 1.
However the formulation was constrained in a static case and further study is necessary
on the cosmic time evolution of the scale factor R(t). The predicted values of the relic
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neutrino mass, in the range mν ∼ 1− 10−3 eV given both in Section 1 and the last line
of Section 2, are anticipated to be tested by future observations.
We would like to make a few comments. In future works, we need a fully relativistic
treatment (and possible numerical methods) in calculation of the more rigorous value
of the critical radius of the νR-sphere in equation (1). For our U(1) model to work with
the appropriate (relic) neutrino mass, the parameter λ in the potential of the scalar
field in equation (7) should be very small, which might be realized in some models
using an extremely light scalar field [15] or in gravity-induced models [10, 11]. We are
seeking to find others models related with ours, in which the global U(1) symmetry is
spontaneously broken with 〈Φ〉 ≡ v =
√
meffMp ∼ 100 TeV . During a very slow phase
transition (λ≪ 1) from the false vacuum with 〈Φ〉 = 0 to the true vacuum with 〈Φ〉 = v,
masses of neutrinos look changing from from 0 to meff = qv
2, and the νR-sphere made
of the massive neutrinos could play a similar role to a effective cosmological constant in
our model, while a growing matter component (neutrinos) in Ref. [16], instead, helps
such a field as the cosmon [16] responsible for the dark energy.
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